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Abstract
We will describe how logarithmic singularities arise as limits of Coulomb Gas integrals. Our approach
will combine analytic properties of the time-like Liouville structure constants, together with the recursive
formula of the Virasoro conformal blocks. Although the Coulomb Gas formalism forces a diagonal coupling
between the chiral and anti-chiral sectors of the Conformal Field Theory (CFT), we present new results for
the multi-screening integrals which are potentially interesting for applications to critical statistical systems
described by Logarithmic CFTs. In particular our findings extend and complement previous results, derived
with Coulomb Gas methods, at c = 0 and c = −2.
© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.
1. Introduction
The Conformal Field Theory (CFT) approach aims at constructing two-dimensional quan-
tum field theories whose correlation functions satisfy the infinite set of constraints imposed by
conformal invariance [1,2]. A CFT is characterized by a set of states and operators which are de-
termined by the representations of the Virasoro algebra, or of other chiral algebras if additional
symmetries are present. A consistent CFT has to satisfy general requirements of a quantum field
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tor algebra [3].
The CFT approach provides access to the study of critical phases of statistical systems in
two dimensions. Certain properties of critical statistical models, such as the spin or the energy
correlation functions in the Ising and in the Potts model, are given by a particular family of
CFTs, the minimal models. These are exactly solvable CFTs which are constructed from a finite
number of degenerate Virasoro representations, the correlation functions of which satisfy certain
differential equations [3].
The two-dimensional critical phases can also be characterized by geometrical objects which
take the form of conformally invariant random fractals [4]. Examples of conformally invariant
random fractals are the Potts spin domain walls or the Fortuin and Kasteleyn [5,6] clusters. The
question is then if one can use CFT methods as a tool to capture the geometric properties of crit-
ical phases, or more in general, to describe the conformal random geometry. In the last twenty
years, there has been an intense effort in this direction, and a series of remarkable results fol-
lowed: the fractal dimension of many random paths as well as different geometric exponents
controlling, for instance, the reunion probability of an ensemble of self-avoiding walks, have
been obtained [4]. These results have been possible also thanks to the development of a palette
of advanced techniques, such as Coulomb Gas (CG) methods [7] or Stochastic Loewner Evo-
lutions [8]. However, despite many successes, the CFT approach to the study of conformally
invariant fractals is in many respects, unsatisfactory. On the one hand, many of the results found
so far are for quantities related to two-point correlation functions, while the fine structure of
CFT fully manifests itself only at the level of three- and four-point correlation functions. The
only exceptions are the observables that satisfy some known differential equation, such as the
probability measure associated with an SLE interface [8]. On the other hand, besides notable ex-
ceptions [9–12], the only models which are known to satisfy the conformal bootstrap and which
describe statistical models are the minimal models. The minimal models are too simple to capture
the geometrical properties of critical phases whose description requires instead representations
of the Virasoro algebra with more complicated features than those of the minimal models. In
particular, differently from the case of the minimal models, the theory may contain indecompos-
able representations with a non-diagonalizable dilatation operator: this leads to the appearance
of logarithms in the correlation functions [13].
These last years have seen extensive investigations on logarithmic CFTs (LCFT) [14–17].
A better comprehension of LCFT representation modules and their fusion rules has been possible
from the study of non-semi-simple representations of the Virasoro algebra [18–23], from lattice
approaches [24–26] and through limiting procedures [28,29]. However, the construction of a
consistent CFT, obtained by combining the chiral and anti-chiral spaces of representation with
indecomposable Virasoro modules, is a hard problem and is much less under control. Recent
progress in this direction come from the study of the c = 0 bulk theories [27,30,12] and by the
use of the category theory [31].
Other insights into the CFTs describing conformal invariant fractals came from a completely
new perspective. It was conjectured in [32] that the probability that a percolation cluster, or more
in general an FK cluster, connects three given points is given at criticality by the structure con-
stants computed in [33,34], see Eq. (2.20). This conjecture found a strong numerical verification
for the percolation clusters [35] and the FK clusters [36]. In the following we will refer to these
structure constants as the time-like Liouville structure constants since they are obtained within
the time-like Liouville theory [37], corresponding at the classical level to the analytic continua-
tion of the usual Liouville theory [38,39]. Their relevance in the percolation properties of Potts
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the minimal model structure constants [40–42], strongly suggests the time-like Liouville struc-
ture constants are the basic building blocks for constructing new non-minimal Virasoro CFTs, at
least when additional symmetries do not play any non-trivial role [43].
A natural question then is whether and how the logarithmic behavior of the correlation func-
tions can be spotted directly from the time-like Liouville structure constants. An analogous
question has been answered in [44] for the Liouville (DOZZ) structure constants [45,46]. In
this paper we consider this problem analyzing the four-point correlation functions which posses
an integral representation, the so-called CG integral representations [40,41]. The CG integrals
provide correlation functions in which the chiral anti-chiral sectors of the CFT are glued sym-
metrically. This is in general not the case in LCFTs. There are nevertheless notable examples in
which logarithmic CG correlation functions and thus diagonal LCFTs have been applied in the
computation of bulk critical geometrical properties [47–50,32,36] and their validity checked nu-
merically [50,35,36]. Our analysis extends in particular these results to the multi-screening case
and can be potentially relevant for the study of critical bulk systems.
This paper is organized as follows. In Section 2 we introduce the basic CFT tools, needed for
our analysis: the recursive formula for the conformal blocks [51,52] and the time-like Liouville
structure constants [33,34]. In Section 3, we examine in details the one-screening CG integral
and show that the mechanism of cancellation of the leading singularity and the generation of log-
arithmic terms is related to a precise relation between the residue of the conformal block and the
structure constants, see Eq. (3.15). Such considerations are generalized in Section 4 to the multi-
screening case for irrational values of the central charge, see in particular Eqs. (4.19), (4.20),
whereas in Section 5 the special cases c = −2 and c = 0 are analyzed. After summarizing our
findings in the Conclusions in Section 6, Appendices A and B complete the paper.
2. Conformal blocks and structure constants in Virasoro CFT
In the first part of this introductory section we will review the definition of conformal block
in CFT. In the second part we will discuss, within the Coulomb gas framework, the structure
constants for a Virasoro CFT.
2.1. Algebraic data: conformal blocks
Conformal symmetry implies the existence of a holomorphic T (z) and an anti-holomorphic
T¯ (z¯) stress-energy tensor, whose coefficients Ln and L¯n in the Laurent expansion
T (z) =
∞∑
n=−∞
Ln
zn+2
, T¯ (z¯)=
∞∑
n=−∞
L¯n
z¯n+2
(2.1)
are the generators of the conformal algebra A acting on the field Φ(z, z¯). Coordinate transforma-
tions which involve only analytic or anti-analytic functions lead to independent field variations
and, as a consequence, A is the tensor product of the two commuting Virasoro algebra of central
charge c
[Ln,Lm] = (n−m)Ln+m + c12n
(
n2 − 1)δn+m,0,
[L¯n, L¯m] = (n−m)L¯n+m + c n
(
n2 − 1)δn+m,0. (2.2)12
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is equivalent to that of the tensor product φΔ(z) ⊗ φ¯Δ¯(z¯), with φΔ (resp. φ¯Δ¯) primary fields of
conformal dimension Δ (resp. Δ¯). In the following we will always assume Δ = Δ¯, which in
particular corresponds to the case of scalar operators. In general, the Hilbert space of a CFT is
a direct sum of irreducible Verma modules VΔ ⊗ V¯Δ¯ and each of them, for example VΔ, is built
from the highest weight state |Δ〉 ≡ φΔ(0)|0〉, upon applications of the generators Ln (n < 0). A
standard basis for the Verma module VΔ is the basis of the descendant states L−n1 . . .L−nk |Δ〉,
with ni+1  ni > 0. A descendant at level D, with D = ∑ki=1 ni , is indexed by the partition
N = {n1, . . . , nk} of D and indicated with the notation |{N},Δ〉. An inner product can be defined
in the Verma module VΔ through
(Ln)
† ≡ L−n, 〈Δ| ≡ lim
z→∞ z
2Δ〈0|φΔ(z), (2.3)
and CFT correlation functions can be regarded as bilinear forms in the Hilbert space. The two-
point function corresponds to the normalization choice of the inner product〈
Δ
∣∣Δ′〉= δΔ,Δ′ (2.4)
and the three-point function of scalar primary fields follows from the knowledge of the structure
constants
C(Δ1,Δ2,Δ3) = lim
z→∞|z|
4Δ3
〈
ΦΔ3(z, z¯)ΦΔ2(1)ΦΔ1(0)
〉
. (2.5)
Structure constants are not determined algebraically but are rather free parameters of the theory
that must be fixed imposing additional constraints. Once they are known all the correlation func-
tions can be in principle computed, starting from the four-point function which will be at length
discuss in this paper. Introducing the short-hand notation {Δ} for the set of external dimensions
and recalling [3] one has
lim
z4→∞
|z4|4Δ4
〈
ΦΔ4(z4, z¯4)ΦΔ3(1)ΦΔ2(x, x¯)ΦΔ1(0)
〉
=
∑
p
|x|−2(Δ1−Δ2+Δp)C(Δ1,Δ2,Δp)C(Δ3,Δ4,Δp)
∣∣F (x∣∣c,Δp, {Δ})∣∣2. (2.6)
The summation in (2.6) is over all the possible internal fields with conformal dimensions Δp
and those can constitute a continuous set. The CFT is well-defined when (2.6) produces crossing
symmetric correlation functions. F(x|c,Δp, {Δ}) is the holomorphic conformal block, usually
represented by the diagram
F
(
x|c,Δp, {Δ}
)= (2.7)
The holomorphic conformal block F(x|c,Δp, {Δ}) can be written in term of the following ex-
pansion
F
(
x|c,Δp, {Δ}
)= ∞∑
D=0
xD
∑
{N},{M}
ΓNH
−1
NMΓ˜M, (2.8)
where
HNM =
〈
Δp, {N}
∣∣{M},Δp〉, (2.9)
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njΔ3 −Δ4), Γ˜M =∏lj=1(Δp +∑j−1i=1 mi +mjΔ2 −Δ1). Henceforth, we use the term level to
indicate a particular coefficient in the expansion (2.8). For instance when we say that a conformal
block is singular at level i, we mean that the xi coefficient in (2.8) has a singularity.
Let us introduce the standard parameterizations for the central charge
c = 1 − 24α20, 2α0 = β − β−1 (2.10)
and for the conformal dimensions
Δ(α) = α(α − 2α0), (2.11)
where β and α (the charge) are reals. In the paper we will often use the notation Φα ≡ ΦΔ(α) to
denote a scalar primary field with conformal dimension Δ = Δ¯ = Δ(α), as in (2.11). Note that
from Eq. (2.11), the charges α and 2α0 − α are associated with the same conformal dimensions
Δ(α) = Δ(2α0 − α). Since we are assuming that no additional symmetries will be present, the
primary field Φα has to be understood as exactly the same field as Φ2α0−α . This is consistent
with the fact that the building blocks of the CFT under consideration, i.e. the conformal blocks
(2.8) and the structure constants appearing in (2.6) depend only on the conformal dimensions of
the fields involved and on the central charge.
From the study of the representation theory of the Virasoro algebra it follows that when the
charges α belong to the lattice2
αr,s = 1 − r2 β +
s − 1
2β
, r, s ∈N (2.12)
the Verma module Vrs of the primary field φr,s with conformal dimension Δr,s ≡ Δ(αr,s), con-
tains a vector |χr,s〉 at level rs with vanishing norm. In general, the vector |χr,s〉 has the form
|χr,s〉 =
[
Lrs−1 + d1L−2Lrs−2−1 + · · ·
]|φr,s〉, (2.13)
where a particular normalization has been chosen. The null vector |χr,s〉 renders singular the
Shapovalov matrix H and ill-defined the expansion (2.8). The fields φr,s with r, s > 0, are termed
degenerate. The existence of null vectors in Verma modules led [51,52] to the recursive formula
for the conformal block
F
(
x|c,Δp, {Δ}
)= g(x|c,Δp, {Δ})+ ∑
r,s>0
Srsx
rs
Δp −Δr,s F
(
x|c,Δr,s + rs, {Δ}
)
. (2.14)
The function g(x|c,Δp, {Δ}) is the limit of F(x|c,Δp, {Δ}) for Δp → ∞ and has been
calculated explicitly in [52]. In the following we will not need an explicit expression of
g(x|c,Δp, {Δ}): to analyze the sources of logarithmic singularities in the four-point correlation
function it is sufficient to know the residue of the conformal block when Δp =Δrs .
The residue Srs is a polynomial of degree rs in each external charge that vanishes when the
fusion rules [3] ΦΔ1 ·ΦΔp (resp. ΦΔ3 ·ΦΔp ) allow the dimension Δ2 (resp. Δ4). Namely
Srs = Rrs(α1, α2)Rrs(α4, α3)
Brs
, (2.15)
2 Notice that the symmetry α → 2α0 − α of the conformal dimensions is equivalent to identify field with charges αr,s
and α−r,−s .
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Rrs(α1, α2) =
∏
p=−r+1,−r+3,...,r−1
q=−s+1,−s+3,...,s−1
(−α1 − α2 + αp−1,q−1)(−α1 + α2 + αp+1,q+1) (2.16)
and [52]
Brs = −2
r∏
k=1−r
s∏
l=1−s
λkl, {k, l} = {0,0}, {r, s}; λrs = −rβ + sβ−1 (2.17)
The Brs [44,53] are related to the vanishing norm of the null vector |χrs〉 in the following way
lim
Δ→Δr,s
〈χrs |χrs〉 = Brs(Δ−Δr,s)+O
(
(Δ−Δr,s)2
)
. (2.18)
Finally, the null field χr,s(x) associated with the null vector |χr,s〉 is said to decouple from the
theory when all of its correlation functions vanish. Such condition requires in particular
lim
x→∞x
2rs 〈χr,s(x)φα1(1)φα2(0)〉
〈φr,s(x)φα1(1)φα2(0)〉
=Rrs(α1, α2) = 0, (2.19)
i.e. Rr,s(α1, α2) = 0.
2.2. Structure constants and Coulomb gas representation
As we discussed in the previous section, the structure constants (2.5) are not fixed by confor-
mal invariance and additional dynamical constraints are needed. The request of associativity of
the operator product expansion (OPE) was shown in [3] to produce a set of functional equations
for the structure constants C(Δ1,Δ2,Δ3), the so-called conformal bootstrap, whose solution
would have completely solved the field theory. Under the assumptions of a non-degenerate spec-
trum and of the normalization choice (2.4), [33] solved the conformal bootstrap, proving the
existence of a unique solution for β2 /∈Q. Such solution has the following form
C(α1, α2, α3)=Aβ Υβ(β − α
2
13)Υβ(β − α123)Υβ(β − α312)Υβ(2β − β−1 − α123)
[∏3i=1 Υβ(β − 2αi)Υβ(2β − β−1 − 2αi)]1/2 , (2.20)
where we chose to write the structure constants as a function of the charges αi (i = 1,2,3)
related to the conformal dimensions by (2.11) for the value of the central charge (2.10) and
αijk = αi + αj + αk , αkij = αi + αj − αk . The special function Υβ(x), first introduce in [46], is
briefly considered in Appendix B; here we remind that it has integral representation
logΥβ(x)=
∞∫
0
dt
t
[
(Q/2 − x)2
et
− sinh
2 t
2 (Q/2 − x)
sinh βt2 sinh
t
2β
]
, (2.21)
convergent for 0 < x <Q (Q = β + β−1) and that satisfies the shift relations
Υβ(x + β) = γ (βx)β1−2βx, Υβ(x + β
−1) = γ (β−1x)β−1+2β−1x, (2.22)
Υβ(x) Υβ(x)
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stant Aβ is given by
Aβ = β
β−2−β2−1γ (β2)γ (β−2 − 1)
Υβ(β)
. (2.23)
In [36], it has then been shown that the solution (2.20) can actually be recovered from analytic
continuation of the three-point correlation functions of scalar vertex operator in the CG formal-
ism [40]. Also for β2 rational, (2.20) has intriguing physical applications in statistical mechanics
[36] which are well beyond the predictions of the minimal conformal models.
Let us briefly outline the CG approach to CFT [40]. Coulomb gas is a free boson theory
with an additional background charge 2α0 at infinity which produces the total central charge
(2.10). Primary fields are vertex operator Vα = eiαϕ(z,z¯) with conformal dimension (2.11), ϕ(z, z¯)
is the free bosonic field. The double degeneracy of the scaling dimensions (2.11) is solved
[54] by assuming that the vertex operators Vα and V2α0−α represent the same primary field
ΦΔ(α) ≡ Φα = Φ2α0−α but acquire non-trivial normalizations. Correlation functions in the CG
approach are non-zero if the charges of the vertex operators αi sum to the background charge
2α0. If such condition cannot be satisfied one is free to add vertex operators in the correlation
function of charges β and − 1
β
and integrate over them. This peculiar vertex operators (screening
operators) do not spoil conformal invariance and do not modify the value of the central charge.
The correlation function of four scalar primary fields Φαi , i = 1, . . . ,4:〈
Φα4(∞)Φα3(1)Φα2(x, x¯)Φα1(0)
〉
, (2.24)
which satisfy the neutrality condition
4∑
i=1
αi + nβ −mβ−1 = 2α0, n,m= 0,1,2 . . . (2.25)
coincides, up to a normalization constant, to the following integral
Inm = |1 − x|4α2α3 |x|4α1α2
∫ n∏
i=1
d wi
n∏
i=1
|wi − 1|4βα3 |wi − x|4βα2 |wi |4βα1
×
∏
l<k
|wl −wk|4β2
×
∫ m∏
j=1
d uj
m∏
j=1
|uj − 1|−4α3/β |uj − x|−4α2/β |uj |−4α1/β
∏
l<k
|ul − uk|4/β2
×
∏
i,j
|wi − uj |−4. (2.26)
A very remarkable property of the integral (2.26) is that it can be decomposed [40,41,54] into
the sum of (n+ 1)(m+ 1) terms
Inm =
n∑
i=0
m∑
j=0
|x|−2(Δ1+Δ2−Δˆi,j )Xi,j
∣∣F (x|c(β), Δˆi,j , {Δ})∣∣2. (2.27)
The constants Xi,j are expressed in terms of the Dotsenko–Fateev structures constants
CDF(α1, α2, α3), Xi,j ∝ CDF(α1, α2, αˆi,j )CDF(α4, α3, αˆi,j ), which have been calculated in
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the fact that the structure constants (2.20) are the analytic continuation of the Dotsenko–Fateev
structure constants (see [36] and references therein) to general values of the charges α’s. One
can write therefore
Xi,j
Xi′,j ′
= C(α1, α2, αˆi,j )C(α4, α3, αˆi,j )
C(α1, α2, αˆi′,j ′)C(α4, α3, αˆi′,j ′)
. (2.28)
The constants Xi,j are given in this way in a more convenient form involving the special function
Υ and this greatly simplify the analysis of the singularities of the integral Inm in the limit where
one of the internal channels becomes degenerate. The function F(x|c(β), Δˆi,j , {Δ}) is the con-
formal block defined in (2.8). For a correlation function that is represented by the CG integral
(2.27) the summation (2.6) is restricted to the discrete set of internal channels with the following
dimensions and charges
Δˆi,j = αˆi,j (αˆi,j − 2α0), αˆi,j = α1 + α2 + iβ − jβ−1. (2.29)
We observe that the radius of converge of the series expansions (2.8) is expected to be at
maximum one. Conformal blocks can be analytically continued in the region |x| > 1 implement-
ing the condition of associativity of the OPE [3]. In our study of logarithmic singularities of
the integrals (2.26) we will however restrict to the domain |x| < 1, even if a characterization of
such singularities in the limit x → 1, could be carried out analogously exchanging the role of α1
and α3.
3. Logarithmic singularities in one-screening Coulomb gas integrals
In this section we will discuss the appearance of logarithmic singularities in the integral (2.26),
focusing on the simplest example: the case where the neutrality condition (2.25) is satisfied with
n = 1 and m = 0; the case n = 0 and m = 1 follows through the replacement β → −1/β . For
simplicity we will take β2 /∈Q and α4 fixed by (2.25) as α4 = −(β + α1 + α2 + α3)+ 2α0. We
will also assume α1 + α2 = αr,s , with r, s > 0 ensuring that the internal channel with charge αˆ00
is a degenerate field. For n= 1 and m = 0, the integral (2.26) has the following form [54]
I10 = |x|−2(Δ1+Δ2−Δˆ0,0)
[
X0,0
∣∣F (x|c, Δˆ0,0, {Δ})∣∣2
+X1,0|x|2(Δˆ1,0−Δˆ0,0)
∣∣F (x|c, Δˆ1,0, {Δ})∣∣2], (3.1)
where αˆ0,0 = αr,s , αˆ1,0 = αr,s + β . The corresponding conformal blocks are expressed through
hypergeometric functions as
F
(
x|c, Δˆ0,0, {Δ}
)= (1 − x)−2α2α3 2F1(−2βα2,−1 − 2βα123,−2β(α1 + α2), x), (3.2)
F
(
x|c, Δˆ1,0, {Δ}
)= (1 − x)−2α2α3 2F1(−2βα3,1 + 2βα1,2 + 2β(α1 + α2), x); (3.3)
after defining s(x) = sin(πx), the coefficients X read
X0,0 = s(2βα3)s(2βα123)
s(2β(α1 + α2))
[
Γ (1 + 2βα3)Γ (−1 − 2βα123)
Γ (−2β(α1 + α2))
]2
, (3.4)
X1,0 = s(2βα1)s(2βα2)
[
Γ (1 + 2βα1)Γ (1 + 2βα2)]2
. (3.5)
s(2β(α1 + α2)) Γ (2 + 2β(α1 + α2))
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series
2F1(α,β, γ, x) =
∞∑
k=0
[α]k[β]k
[γ ]k
xk
k! , (3.6)
where [q]k = Γ (q + k)/Γ (q) is the Pochhammer symbol, see for example [55]. As a function
of the variable γ , (3.6) has simple poles for γ = (1 − s) with s a positive integer. The residue is
proportional to the hypergeometric function 2F1(α + s, β + s, s + 1, x)
Resγ=1−s 2F1(α,β, γ, x) = (−1)
s−1[α]s[β]s
Γ (s)Γ (1 + s) x
s
2F1(α + s, β + s, s + 1, x). (3.7)
If the sum α1 + α2 = α1,s = s−12β the conformal block F(x|c, Δˆ00, {Δ}) in (3.2) is then singular3
with residue on the pole at Δˆ0,0 = Δ1,s proportional to the conformal block F(x|c, Δˆ10, {Δ}),
see Eq. (3.3). The singularity of the conformal block F(x|Δˆ00, {Δ}) and its residue could have
been computed directly form the recursive formula (2.14). Indeed when α1 + α2 = α1,s and, by
the neutrality condition, α3 + α4 = α1,−s , Eq. (2.15) predicts
S1s = (−1)
s−1λ1,s[−2βα2]s[−s − 2βα3]s
2βΓ (s)Γ (1 + s) , (3.8)
which is non-vanishing.4 Expanding the sum of the charges α1 and α2 near the singular value
α1,s as
α1 + α2 = α1,s + δ, (3.9)
and observing that Δ −Δr,s = λr,s(α − αr,s) +O((α − αr,s)2), with λr,s as in (2.17), one con-
cludes that (3.7) is consistent with (2.14). This singularity is associated with the presence of a
null vector at level s in the Verma module of the degenerate primary φ
Δˆ0,0
= φ1,s which cannot
be decoupled since S1,s = 0. Following a general scheme in LCFT [14], the singularities are
resolved by the mixing among operators with the same conformal dimension. In our case, the
divergence is cured by the mixing of the null-vector in the Verma module V
Δˆ00
with the highest
weight of the Verma module V
Δˆ1,0
corresponding to the other internal channel in (3.1). When
α1 + α2 = α1,s , the two states have indeed the same conformal dimension Δ1,s + s = Δ−1,s .
A schematic picture is presented in Fig. 1.
In the remaining part of the section, we point out that the existence of logarithmic singularities
in the four-point function requires moreover a precise relation between the values of the structure
constants (2.20) and the residue (2.15). This mechanism has been outlined for some special cases,
see for instance [48,49,15]. In order to show this we regularize the CG integral by introducing a
parameter δ as in (3.9) and to ensure that the neutrality condition (2.25) will be always satisfied
we also take
α3 + α4 = α1,−s − δ. (3.10)
3 If α1 + α2 + β = α−1,−s , the conformal block F(x|c, Δˆ1,0, {Δ}) is singular and Δˆ1,0 = Δ1,s now.
4 Eq. (3.8) shows that the analysis we carried out in this section extends to the case α2 = α1,j and α3 = α1,j−s ,
j = 1, . . . , s.
238 R. Santachiara, J. Viti / Nuclear Physics B 882 (2014) 229–262Fig. 1. Diagram representing the integral I10 in (3.1). The internal charges are αˆ0,0 = αr,s and αˆ1,0 = αr−2,s . For r = 1,
the corresponding conformal dimensions (2.11) differ by a positive integer s and the conformal block F(x|c, Δˆ0,0, {Δ})
is singular. The singularity is due to the null vector at level s which does not decouple and is cured by the contribution of
the conformal block F(x|c, Δˆ1,0, {Δ}). The integral I1,0 has in this case a logarithmic singularity as x → 0.
In the limiting procedure the charges α1 and α4 will depend on the δ, through the (3.9), (3.10)
whereas the charges α2 and α3 are fixed; we will take δ → 0 at the end. Note that the reg-
ularization prescriptions (3.9), (3.10) do not modify the central charge, i.e. β is independent
from δ. The conformal blocks (3.2), (3.3) and the coefficients (3.4), (3.5) have the series expan-
sion in δ
F
(
x|c, Δˆ0,0, {Δ}
)= 1
δ
G
(−1)
00 (x)+G(0)00 (x)+O(δ), (3.11)
F
(
x|c, Δˆ1,0, {Δ}
)=G(0)10 (x)+ δG(1)10 (x)+O(δ2), (3.12)
X0,0 =X(1)00 δ +X(2)0,0δ2 +O
(
δ3
)
, X1,0 = 1
δ
X
(−1)
1,0 +X(0)1,0 +O(δ), (3.13)
explicitly computed in Appendix A. The leading singularity of order δ−1 in the correlation func-
tions I10 disappears due to the identity X(1)0,0|G(−1)0,0 (x)|2 +X(−1)1,0 |x|2s |G0(1,0)(x)|2 = 0, which can
be recast in the more expressive form
C(α1, α2, α1,s + δ)C(α3, α4, α1,s + δ)
C(α1, α2, α−1,s + δ)C(α3, α4, α−1,s + δ) = −δ
2
[
λ1,s
S1,s
]2
+O(δ3). (3.14)
Notice that due to the form of the structure constants (2.20), Eq. (3.14) can be simplified
into
C(α1, α2, α1,s + δ)
C(α1, α2, α−1,s + δ) = iδ
λ1,sB1,s
R21,s(α1, α2)
+O(δ2), (3.15)
valid for any value of the αi ; the formula (3.15) can be also verified by using the shift re-
lation (2.22) and its generalization in the multi-screening case will be the object of the next
section. It is interesting to observe that the vanishing in the δ → 0 limit of the ratio of
the structure constants in (3.15) is due, see Appendix B, to zeros in the function Υβ(x) at
x = β − 2α−1,s and x = 2β − β−1 − 2α−1,s . Such zeros are responsible [36] for the singular
behavior of the normalization factors of the field φ−1,s in the CG representation. The cancella-
tion of the leading δ−1 singularity in the integral (3.1) leads to a logarithmic divergence and one
has
I1,0 = |x|−2(Δ1+Δ2−Δˆ00)
[
a log |x|2|x|2sX−11,0
∣∣G(0)10 (x)∣∣2 +X(1)0,0∣∣G(−1)00 (x)∣∣2
+X(0)1,0|x|2s
∣∣G(0)10 (x)∣∣2 +X(1)0,0(G(−1)00 (x)G(0)00 (x¯)+ c.c.)
+X(−1)|x|2s(G(0)(x)G(1)(x¯)+ c.c.)], (3.16)1,0 10 10
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a = lim
δ→0
(
s − Δˆ1,0(δ)+ Δˆ0,0(δ)
)= −2β. (3.17)
Correlation function of the type (3.16) has already appeared in different works, see for in-
stance [13,47,48]. We note that (3.16) is the most general expression for logarithmic correlation
functions obtained from one-screening CG integral and, to our knowledge, it has not appeared
before.
Let us mention also that some examples of bulk correlation functions of the kind (3.16) ap-
peared in the study of classical statistical systems at criticality. For instance, the function (3.16)
with α1 = 2α0 − α4 = α1,0, α2 = α3 = α1,2 and 1/2 β2  1, was argued to be relevant in the
study of interfaces in the random bond Potts model [50]. It determines, in particular, the effects
of quenched bond disorder on the fractal dimension of FK clusters boundaries. These functions
are, at our knowledge, the only bulk logarithmic correlation functions to have found a numerical
test [50]. Similarly, the bulk correlation function (3.16) with α1 = 2α0 − α4 = α2,0, determines
the disorder effects on the fractal dimensions of the pivotal bonds and has found numerical veri-
fication [56]. Finally, the correlation function (3.16) with α1 = 2α0 − α4 = α0,1, α2 = α3 = α2,1
has been argued in [57] to describe the propagation of a loop in the dilute phase of the O(n)
model in the presence of two twist operators.
4. Logarithmic singularities in multi-screening Coulomb gas integrals
We now extend the results obtained in previous section to the case where four-point correlation
functions of vertex operators are computed from (2.26) with an arbitrary number n and m of
screening operators. We assume β2 /∈Q and defer the discussion of the peculiarity of β2 rational
to the next section. Analogously to the one-screening case we consider
α1 + α2 = αr,s, α3 + α4 = α2n−r,2m−s , r, s ∈N. (4.1)
Under this assumption the internal charges take the form αˆij = αr−2i,s−2j . The condition (4.1)
satisfies the neutrality condition (2.25) and assures us that the integral (2.27) contains conformal
block of degenerate fields. Indeed, among the (n + 1)(m + 1) internal charges αˆij , i = 0, . . . , n
and j = 0, . . . ,m, the ones with (r−2i  1∧s−2j  1) or (r−2i −1∧s−2j −1) belongs
to the lattice (2.12). It is also useful to observe that the channels αˆij and αˆr−i,s−j correspond to
the same conformal block and to the same structure constants
F
(
x|c, Δˆij , {Δ}
)= F (x|c, Δˆr−i,s−j , {Δ}); Xi,j =Xr−i,s−j , (4.2)
due to the identity Δˆi,j = Δˆr−i,s−j . The conditions (4.1) fix two charges, say α1 and α4, as a
function of six other parameters, r, s, n,m ∈ N and α2, α3 ∈ R. The equations that follow are
written in terms of these six variables. In order to simplify the discussion we assume, if not
differently stated, that the charges α2 and α3 do not belong to the lattice αp,q with p,q ∈ Z, i.e.
α2, α3 = αp,q with p,q ∈ Z.
4.1. Singularities of the internal channels
Logarithmic terms in the four-point correlation function may arise when some of the confor-
mal blocks are singular, i.e. when the dimension Δˆi,j in (2.27) corresponds to that of a degenerate
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Rr−2i,s−2j (αr,s − α2, α2)Rr−2i,s−2j (α2n−r,2m−s − α3, α3) = 0, (4.3)
is satisfied. From (2.14) it follows that the conformal block has in this case a singularity at the
level (r − 2i)(s − 2j) and, as we have previously noticed, the condition (4.3) is equivalent to
consider a CFT where the null-vector |χr−2i,s−2j 〉 cannot be set to zero. Using (2.16), one can
check that the requirement of the degeneracy of the internal channel and the condition (4.3) are
met by the charges αˆi,j such that
(r − 2i  1)∧ (s − 2j  1)∧ (i  r − n∨ j  s −m), (4.4)
or
(r − 2i −1)∧ (s − 2j −1)∧ (i < n+ 1 ∨ j <m+ 1). (4.5)
Note that we are always assuming α2 and α3 to take general real values. In particular, the condi-
tion (4.3) also requires
α2 = αi+k,j+l and
α3 = αn−r+i+k,m−s+j+l , for k = 1, . . . , r − 2i, l = 1, . . . , s − 2j. (4.6)
Now that we have identified the possible sources of singularities of the conformal blocks, we
pass to analyze those of the coefficients Xi,j defined in (2.28). Taking into account (4.1) one has
Xi,j =N
(
c, {α})C(αr,s − α2, α2, αˆi,j )C(α2n−r,2m−s − α3, α2, αˆi,j ), (4.7)
where N is a normalization constant which depends only on the external charges and the central
charge. For arbitrary real values of α2 and α3, we can single out the factors Xi,j |sing present in
Xi,j which are zero or diverge
Xi,j |sing = 1
Υβ(β − 2αr−2i,s−2j )︸ ︷︷ ︸
≡A
Υβ(2β − β−1 − 2αr−2i,s−2j )︸ ︷︷ ︸
≡B
×Υβ(β − αr,s + αr−2i,s−2j )Υβ
(
2β − β−1 − αr,s − αr−2i,s−2j
)︸ ︷︷ ︸
≡C
× Υβ(β − α2n−r,2m−s + αr−2i,s−2j )Υβ
(
2β − β−1 − α2n−r,2m−s − αr−2i,s−2j
)︸ ︷︷ ︸
≡D
.
(4.8)
From the location of the zeros of the function Υβ(x) defined in (2.21), see also Appendix B, one
finds
A= 0: (r − 2i  0 ∧ s − 2j −1) or (r − 2i −1 ∧ s − 2j  0), (4.9)
B = 0: (r − 2i  1 ∧ s − 2j  0) or (r − 2i  0 ∧ s − 2j  1), (4.10)
C = 0: (i  r ∧ j > s) or (i > r ∧ j  s), (4.11)
D = 0: (i  r − n∧ j < s −m) or (i < r − n∧ j  s −m). (4.12)
We need now to regularize the sum (2.27). This can be done by shifting the internal channels by
αˆi,j → αˆi,j (δ)= αr,s + iβ − jβ−1 + δ. (4.13)
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keeping the neutrality condition satisfied. This is obtained by shifting α1, α2 → α1 + δ/2, α2 +
δ/2; α3, α4 → α3 − δ/2, α4 − δ/2, as we have done in the one-screening case. In principle,
one can also study the integral (2.27) with the internal charges shifted as in (4.13) by keeping
the external charges fixed: the sum (2.27) remains well defined also in this case even if it does
not correspond to a CG integral, which is only recovered in the limit δ → 0. If i, j satisfies
the condition (4.5), the corresponding term |F(x|c, Δˆij , {Δ})|2 has a singularity O(δ−2). The
coefficient Xi,j is O(δ) (resp. O(δ−1)) anytime one of the conditions (4.11) and (4.12) (resp.
(4.9) and (4.10)) is satisfied.
We find useful to consider in the following, the points (x, y) with integer coordinates, where
(x, y) label the charges αx,y = 1/2(1 − x)β + 1/2(y − 1)β−1. We can then visualize the set
of channels entering in (2.27) as a grid of points of size 2n × 2m whose upper right corner
has coordinates (r, s). The symmetry (4.2) relates the pair of points symmetric with respect
to the origin. Points in the lattice representing the internal channels with charge αˆij will have
coordinates
(r − 2i, s − 2j)≡ [i, j ], (4.14)
and to each of them we associate the order in the expansion in powers of δ of the corresponding
coefficient Xi,j as well as of the conformal block |F(x|Δˆij , {Δ})|2. Let us consider first the
behavior of the conformal blocks. The points [i, j ] with positive coordinates, i.e. r − 2i  1 and
s − 2j  1 (belonging to the first quadrant of the lattice), and the ones with negative coordinates,
r − 2i −1 and s − 2j −1 (in the third quadrant), represent degenerate operators. If the point
[i, j ] and at least one of the two points [r − i, j ], [i, s − j ], obtained by reflection with respect to
the horizontal and vertical axis, belong to the grid of internal channels, then the pair i, j satisfies
the condition (4.5) and is associated with a singular conformal block. On the other hand, given
a point [i, j ], for what concerns the behavior of the coefficients Xi,j we should distinguish three
cases.
(i) The point [r − i, s − j ] symmetric with respect to the origin belongs to the grid. In this
case, Eqs. (4.11)–(4.12) are not satisfied. If [i, j ] or [r − i, s − j ] belong to the first or third
quadrant, Xi,j = O(δ0) otherwise Xi,j = O(δ−2) (we remind the identification (4.2)). For
those points sitting on the two axis but excluding the origin, i.e. 2i = r and 2j = s or 2i = r
and 2j = s, Xi,j =O(δ−1) while for the origin, we have Xr/2,s/2 =O(δ0);
(ii) One among the axis-symmetric points [r − i, j ] or [r, s− j ] belong to the grid. This implies
that one of the two conditions (4.11) and (4.12) is verified. If [i, j ] belong to the first or
third quadrant, Xi,j =O(δ), if they are sitting on one of two axis, Xi,j = O(δ0), otherwise
Xi,j =O(δ−1);
(iii) The two-axis symmetric points [r − i, j ] or [r, s − j ] do not belong to the grid: in this case
Xi,j =O(δ0).
The terms in (2.27) can have amplitudes of different order in δ, in particular singularities
of order δ−2 or δ−1. The important observation is that, in any case, to any singular term
Xi,j |F(x|Δˆi,j , {Δ})|2 of O(δ−2) or O(δ−1), corresponds an other term Xr−i,j |F(x|c,
Δˆr−i,j , x)|2 or Xi,s−j |F(x|x, Δˆi,s−j , {Δ})|2 of the same order. This pair of singular channels is
represented by points which can (if i = r/2 or s = j/2) or not belong to one of the two axis.
In this last case, the null state vector |χr−2i,s−2j 〉 of the degenerate primary φr−2i,s−2j enters in
collision with the highest weight |φ2i−r,s−2j 〉 (or |φr−2i,2j−s〉) while in the first case one has a
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coefficients Xi,j and all the conformal blocks F(x|c, Δˆij , {Δ}) are non-singular.
collision between the two primaries with the same dimension Φ0,s−2j and Φ0,2j−s (or Φr−2i,0
and Φ2i−r,0). In both situations, the leading order singularity in the integral cancels and the sub-
leading order in the power series in δ contains logarithms. Before showing such cancellation
explicitly, let us discuss some examples.
• r > 2n and s > 2m
All the points [i, j ] are in the first quadrant. Since (4.5) cannot be satisfied, the ratio of the
all coefficients Xi,j is finite and there are not singular conformal blocks. In the geometri-
cal interpretation we proposed, the grid does not contain points obtained by reflection with
respect to the horizontal or vertical axis.
In Fig. 2 we show as an example the case n= 2, m= 3 and r = 5, s = 7.
• r > 2n and s  2m
In this case the grid contains points which are obtained by reflection with respect
to the x axis. Correspondingly, we expect singularities O(δ−1) coming from the pair
Xi,j |F(x|c, Δˆij , {Δ})|2 and Xi,s−j |F(x|c, Δˆi,s−j , {Δ})|2. As we previously remarked, the
sum of these two terms is O(δ0) and produces a logarithmic term which adds with the other
(non-logarithmic) contributions when considering the δ → 0 limit. Note that there are no
singularities O(δ−2), because there are no points of the grid which are symmetric with re-
spect to the origin. Figs. 3 and 4 show the examples n = 2, m = 3 with r = 5, s = 4 and
n= 2, m= 3 with r = 5, s = 2.
• r  2n and m s  2m
In this case there are also points of the grid which are symmetric with respect to the origin.
These points are associated with contributions O(δ−2). In Fig. 5, we show the example
n = 2, m = 3 and r = 3, s = 4. In this case we expect that the correlation function gets
dominant contributions of order δ−1. To get a finite correlation function, one has to choose
a vanishing normalization constant N (c, {Δ}) in (4.7), of O(δ). Note also that in this case
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primaries represented by the points [2,1], [1,1] and [0,1] have a singular conformal block but their coefficient Xi,j is
O(δ). On the other hand the reflected points [2,3], [1,3], and [0,3] correspond to non-degenerate primaries with a finite
conformal block but with a coefficient Xi,j which is now O(δ−1). This situation is completely analogous to the one we
encountered in the one-screening case of Section 3.
Fig. 4. Figure representing the cases r = 5, s = 2 and n= 2, m= 3. Analogous considerations to the ones of Fig. 3 apply.
there are terms in the (2.27) whose contribution is O(δ0) and therefore disappear in the limit
δ → 0.
244 R. Santachiara, J. Viti / Nuclear Physics B 882 (2014) 229–262Fig. 5. Example of a grid with r = 3, s = 4 and n = 2, m = 3. The associated correlation function will be O(δ−1), due
to the cancellation of leading O(δ−2) singularity. Such kind of correlation function can be render finite by the choice
N (c, {Δ})=O(δ).
4.2. Origin of logarithmic singularities in the four-point function
We have seen that the correlation function (2.27) has singularities O(δ−1) when only one pair
of colliding channels αˆij , αˆr−i,j or αˆi,j , αˆi,s−j appears in its decomposition. The singularity is
O(δ−2) when all the four channels αˆi,j , αˆr−i,j , αˆi,s−j and αˆr−i,s−j appear in its decomposition.
Here we prove a generalization of (3.15) and show that the leading order in δ to the integral
cancels, leaving us with a logarithmic singularity. We consider first the leading order of the
ratios Xi,j /Xr−i,j and Xi,j /Xi,s−j in the δ → 0 limit. By using the recursion relation (2.22),
we obtain for general values of αa and αb , with αba ≡ αa − αb and αab ≡ αa + αb the following
relations
Υβ(β − αba − αP,Q)Υβ(β − αab − αP,Q)Υβ(β − αab + αP,Q)
Υβ(β − αba − α−P,Q)Υβ(β − αab − α−P,Q)Υβ(β − αab + α−P,Q)
× Υβ(2β − β
−1 − αab − αP,Q)
Υβ(2β − β−1 − αab − α−P,Q) =
1
RP,Q(αa,αb)2
, (4.15)
as well as√
Υβ(β − 2α−P,Q − 2δ)Υβ(2β − β−1 − 2α−P,Q − 2δ)
Υβ(β − 2αP,Q)Υβ(2β − β−1 − 2αP,Q) = iδBP,QλP,Q +O
(
δ2
) (4.16)
where P and Q are two positive integers. The ratios of the structure constant C(αa,αb,αP,Q),
C(αa,αb,α−P,Q + δ) and C(αa,αb,αP,−Q + δ) take then the form
C(αa,αb,αP,Q + δ)
C(αa,αb,α−P,Q + δ) = iδ
BP,QλP,Q
RP,Q(αa,αb)2
+O(δ2)
C(αa,αb,αP,Q + δ) = iδ BP,QλP,Q 2 +O
(
δ2
)
. (4.17)C(αa,αb,αP,−Q + δ) RP,Q(αa,αb)
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Δ−P,Q =ΔP,−Q. We stress that a very similar equation relating the Liouville structure constants
with the so-called logarithmic primaries has been found in [44]. Using the property of the func-
tion Υβ(x) and in particular its invariance with respect to the transformation x → β + β−1 − x,
we computed
C(αa,αb,α0,Q + δ)
C(αa,αb,α0,−Q + δ) = i;
C(αa,αb,αP,0 + δ)
C(αa,αb,α−P,0 + δ) = i. (4.18)
From these results, we can finally write the relation between the coefficient Xi,j associated with
the point [i, j ] and to its symmetric under reflection [r − i, j ], [i.s − j ]
Xi,j (δ)
Xr−i,j (δ)
= −δ−2
(
Br−2i,s−2j λr−2i,s−2j
Rr−2i,s−2j ({αi})
)2
+O(δ−1) (4.19)
Xi,s/2(δ)
Xr−i,s/2(δ)
= −1 +O(δ); Xr/2,j (δ)
Xr/2,s−j (δ)
= −1 +O(δ) (4.20)
Clearly, one can verify that the results (4.19) and (4.20) are consistent with the previous findings
based on the analysis of the poles and zeros of the structure constants.
Let us focus on the situation in which one pair of colliding channels is present, for example
the operators with charge αˆi,j (δ) and αˆr−i,j (δ). In the case (i = r/2 ∧ j = s/2), we have seen
that the primary operator φ2i−r,s−2j interferes with the null field χr−2i,s−2j responsible for the
pole in the conformal block of φr−2i,s−2j . We can fix the global normalization in (4.7) such that
Xi,j (δ)=X(1)i,j δ +X(2)ij δ2 +O
(
δ3
)
,
Xr−i,j (δ) =X(−1)r−i,j δ−1 +X(0)r−i,j +O(δ). (4.21)
On the other hand, the expansions in powers of δ of the singular conformal block
F(x|c, Δˆij , {Δ}) and of the non-singular conformal block F(x|c, Δˆr−i,j , {Δ}) can be written
as
F
(
x|c, Δˆij , {Δ}
)= δ−1G(−1)i,j (z)+G(0)i,j (x)+O(δ) (4.22)
F
(
x|c, Δˆr−i,j , {Δ}
)=G(0)r−i,j + δG(1)r−i,j (z)+O(δ2), (4.23)
where as it follow from (2.14)
G
(0)
r−i,j (x)= F
(
x|c, Δˆr−i,j , {Δ}
)
,
G
(−1)
i,j (x) =
xPQSP,Q
λP,Q
F
(
x|c, Δˆij + PQ, {Δ}
)
. (4.24)
In Eq. (4.24), P = r − 2i  1, and Q= s − 2j  1 and we recall that Δˆi,j (δ) = Δˆi,j + λP,Qδ +
O(δ2). The functions
G
(0)
i,j (x) = 1 +
∞∑
k=1
akx
k; G(1)r−i,j (x)=
∞∑
k=1
bkx
k (4.25)
are obtained by differentiating the conformal blocks with respect to δ. In general, compact an-
alytic expressions for the expansion coefficients ak and bk are not available. Nevertheless one
could derived them from the recursion formula [51,52] or applying the AGT correspondence
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N = 2 supersymmetric four-dimensional gauge theory, see for instance [59]. Applying the iden-
tity (4.19), we can finally write the finite contribution IPQnm to the integral (2.27) of the two
colliding channels αˆi,j ≡ αP,Q and αˆr−i,j ≡ α−P,Q
IPQnm ≡ |x|2ΔPQ(δ)Xi,j
∣∣F (x|c,ΔPQ(δ), {Δ})∣∣2
+ |x|2Δ−P,Q(δ)Xr−i,j
∣∣F (x|c,Δ−P,Q(δ), {Δ})∣∣2
= |x|2ΔPQ[a(1)P,Q log |x|2|x|2PQX(−1)r−i,j ∣∣G(0)r−i,j (x)∣∣2 +X(1)i,j ∣∣G(−1)i,j (x)∣∣2
+X(0)r−i,j |x|2PQ
∣∣G(0)r−i,j (x)∣∣2 +X(1)i,j (G(−1)i,j (x)G(0)i,j (x¯)+ c.c.)
+X(−1)r−i,j |x|2PQ
(
G
(0)
r−i,j (x)G
(1)
r−i,j (x¯)+ c.c.
)]
, (4.26)
where the factor a(1)P,Q is defined by
a
(1)
P,Q ≡ lim
δ→0
1
δ
(
PQ−Δ−P,Q(δ)+ΔP,Q
)= 2Pβ. (4.27)
If the colliding channels are αˆi,j and αˆi,s−j , a formula identical to (4.26) will hold, but with the
substitutions r − i → i, j → s − j and of course the parameter a(1)P,Q will have to be replaced by
a
(2)
P,Q = lim
δ→0
1
δ
(
PQ−ΔP,−Q(δ)+ΔPQ(δ)
)= −2Qβ−1. (4.28)
Notice that the two coefficients a(1)P,Q and a
(2)
P,Q have always different signs. We briefly outlined
now the case where the channel with charge αˆi,s/2 collides with αˆr−i,s/2. Using now the relation
(4.20), we can write
Xi,s/2(δ)=X(−1)i,s/2δ−1 +X(1)i,s/2 +O(δ),
Xr−i,s/2(δ) = −X(−1)i,s/2δ−1 +X(1)r−i,s/2 +O(δ) (4.29)
while the expansions of the corresponding conformal blocks, both non-singular, are
F
(
x|c, Δˆi,s/2, {Δ}
)=G(0)i,s/2(x)+ δG(1)i,s/2(x)+O(δ2) (4.30)
F
(
x|c, Δˆr−i,s/2, {Δ}
)=G(0)r−i,s/2(x)+ δG(1)r−i,s/2(x)+O(δ2). (4.31)
The finite contribution in the correlation function can be then easily derived and the coefficient of
the logarithm is a(1)P,0, see (4.28). The full integral Inm, with the conditions (4.1), is given by the
sum over all the contributions of type (4.26). The number of colliding channels can be efficiently
determined by the graphical procedure discussed in Section 4.1.
From the result (4.26) one can infer an Operator Product Expansion (OPE), compatible with
the cancellation of the leading singularities in the four point function. Consider two scalar op-
erators Φαa and Φαb which fuse into a third operator ΦδP,Q(x, x¯) = φδP,Q(x)⊗ φ¯δP,Q(x¯), having
charge αP,Q(δ)= αP,Q + δ and dimension ΔP,Q(δ) =ΔP,Q + λP,Qδ +O(δ2)
Φαa (x, x¯)Φαb(0) =
C(αa,αb,αP,Q(δ))
|x|2Δαa+2Δαb−2ΔP,Q(δ)
(
φδP,Q(0)+ · · · + ηP,QxPQχδP,Q(0)+ · · ·
)
× (φ¯δ (0)+ · · · + ηP,Qx¯PQχ¯δ (0)+ · · ·), (4.32)P,Q P,Q
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the limit δ → 0 the descendant χδP,Q is the null-field χP,Q of the representation VΔP,Q of the
Virasoro algebra. From (2.16), the coefficient ηP,Q is given by
ηP,Q =
〈χδP,Q(∞)φαa (1)φαb (0)〉
〈χP,Q(∞)χP,Q(0)〉 =
RP,Q(αa,αb)
δλP,QBP,Q
+O(δ0), (4.33)
and is singular in the limit δ → 0 if RP,Q(αa,αb) = 0. As we have seen before local correlation
functions may have singularities O(δ−1) and O(δ−2). The first one is always eliminated by the
vanishing of the structure constant C(αa,αb,αP,Q(δ)) which is 0(δ). This can be seen from the
behavior of XP,Q in (4.21) where the normalization constant N (c, {α}) in (4.7) has been fixed of
order O(δ−1) to make the four-point correlation function finite. The collision between ΛδP,Q ≡
χδP,Q ⊗ χ¯ δP,Q and the operator Φδ−P,Q (or ΦδP,−Q) which enters in the correlation function and
is produced in the OPE
Φαa (x, x¯)Φαb(0) =
C(αa,αb,α−P,Q(δ))
|x|2Δαa+2Δαb−2Δ−P,Q(δ)
(
Φδ−P,Q + · · ·
)
, (4.34)
cancels instead the remaining δ−1 singularity. Consider for instance the mixing between the fields
ΛδP,Q and Φδ−P,Q. The formula (4.17) suggests to define a pair of fields (C,D)
D ≡ 1√
δ
(
Φδ−P,Q +
iΛδP,Q
δλP,QBP,Q
)
(4.35)
C ≡ −(PQ−Δ−P,Q(δ)+ΔP,Q(δ))Φδ−P,Q√
δ
(4.36)
such that in the limit δ → 0 one has the finite correlation functions
〈D(x, x¯)D(0)〉= −2a(1)P,Q(ln |x|2 +O(1))|x|4(ΔPQ+PQ) (4.37)
〈C(x, x¯)D(0)〉= a(1)P,Q|x|4(ΔPQ+PQ) (4.38)〈C(x, x¯)C(0)〉= 0 (4.39)
The fields C,D are called a logarithmic pair, see for example [60]. Similar conclusions in the
chiral case have been reached in [61], see in particular Eq. (1.22), and in the more recent [62].
5. Appearance of logarithms for rational central charges
In the previous section we have shown that logarithms in the CG integrals (2.27) are neces-
sarily generated by singular conformal blocks. The results we have presented so far are based on
the assumption that β2 /∈Q. Indeed, when β (and therefore the central charge c) takes the value
β = βc
(
p,p′
)≡
√
p′
p
; c(p′,p)= 1 − 6 (p − p′)2
pp′
, (5.1)
with p and p′ two coprime positive integers, one has to take into account that
pβc
(
p,p′
)− p′βc(p,p′)−1 = 0. (5.2)
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αr,s = αr±p,s±p′ (5.3)
which implies new identifications between operators. The minimal models Mp,p′ are CFT with
central charge c(p,p′) which are constructed from the finite set of 12 (p − 1)(p′ − 1) irreducible
representations Φr,s , 1 r  p − 1 and 1 s  p′ − 1. The algebraic structure of extensions of
minimal models, which contain in general indecomposable representations has been intensively
studied, see for instance [24,20] and references therein. Here we are interested in obtaining lo-
cal correlation functions for theories with central charge (5.1) by taking the limits β → βc of
integrals of type (2.27), associated with a set of external charges αi obeying the condition (4.1).
As we previously showed, the presence of zeros and poles in the structures constants, as
well as the singularities in the conformal block, depend upon the position of the points [i, j ],
representing the internal charges αˆij = α1 + α2 + iβ − jβ−1 on the grid of Section 4. In order
to classify every type of singularity entering in the correlation function (2.27), we can use the
expansion
pβ − p′β−1 = 2p(β − βc)+O
(
(β − βc)2
)
, (5.4)
to define new charges α˜i :
α˜i = αi + kp4 β −
kp′
4
β−1 − kp
2
(β − βc), i = 1,2
α˜i = αi − kp4 β +
kp′
4
β−1 + kp
2
(β − βc), i = 3,4, (5.5)
with k a positive integer, such that
αi = α˜i +O
(
(β − βc)2
)
, i = 1, . . . ,4. (5.6)
In this way the correlation function (2.27) with given initial external charges αi can be also
written in terms of an integral with the same number of screening n and m but with new external
charges α˜i = αi +O((β − βc)2) and with new values of r, s: r → r − kp, s → s − kp′. The grid
of points representing the internal channels is therefore obtained by translating the initial grid by
a multiple k of (p,p′)
αˆi,j = αr−kp−2i,s−kp′−2j + kp(β − βc). (5.7)
Note that the distance from the central charge (5.1) play the role of a small regularization param-
eter δ
δ = −kp(β − βc). (5.8)
In the case of special values of β , we can compare the order of the different contribution of the
integral using Eqs. (4.17), (4.19) and (4.20) applied to any translated grid, in particular when
the translated grid intersects different quadrants. It is important to stress that, in the limit β →
βc(p,p
′), the new symmetry (5.2) affect the analysis of the zeros of the function (2.16) and of
the function Υβ(x). Therefore the conditions (4.5) and (4.9)–(4.12) fail to take into account new
zeros. Moreover, in the limit β → βc(p,p′), the norm BPQ, see (2.16), can vanish due to the
(5.2). For these reasons, differently from the case β2 /∈Q, we did not find a simple graphical rule
to determine the order of contribution of each channel. Nevertheless, the analysis can be done
case by case and we will show some concrete examples below.
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which does not depend on β . Here, instead, we consider δ = O(β − βc) and we study the limit
β → βc. The parameters a(1)P,Q and a(2)P,Q, which are the prefactors of term log |x|2, are given by
a
(1)
P,Q = 2Pβc, a(2)P,Q = −2Qβc. (5.9)
5.1. c = −2, β2c = 1/2
The theories with c = −2 occupy a very particular place as paradigms of LCFTs. Indeed,
local c = −2 theories can be constructed as models of free simplectic fermions and correlation
functions can be computed exactly, see for instance [47,9,11]. The c = −2 models have been
intensively studied in polymer theory as they describe the dense phase of the n→ 0 of the O(n)
model known to capture the critical properties of dense polymers and spanning trees [63–65].
In [47], the CG formalism has been used to determine local four-point correlation functions of
leg operators. In particular the correlation function of four Φ2,1 operators with conformal weight
Δ2,1 = −1/8 has been shown to contain logarithmic terms. As a physically relevant example we
discuss the behavior of correlation functions
F l(x) ≡ 〈Φ2+2l,1(0)Φ2+2l,1(1)Φ2+2l,1(x)Φ2+2l,1(∞)〉, (5.10)
which for l ∈ N is the four-point function of the 4l leg operator for dense polymers [47]. By
choosing
α1 = α2 = α3 = α2+2l,1, α4 = α−2−2l,−1 (5.11)
the function F l can be expressed by the CG integral with n = 2l + 1 and m = 0 screenings. In
the following we define:
δ = −2
(
β −
√
1
2
)
(5.12)
Four-point function with l = 0 The case l = 0 is particularly simple as it corresponds to the
one-screening case, i.e. it has only two internal fusion channels, see Fig. 6. As can be seen by
translating the grid, these two fusion channels can be related to the fields Φ1,0 and Φ−1,0 with
the same conformal dimension. Eq. (4.19) tells us that the coefficients X1,0 and X−1,0 are of the
same order in δ and in particular that X1,0 = −X−1,0. The function F 0(x) takes therefore the
form (4.26). This was pointed out in detail in [13], where the conformal block corresponding to
the case l = 0 was shown to satisfy a degenerate hypergeometric differential equation. Note that
the divergence δ−1 of the coefficients Xi,j associate with points on the axis is here canceled by
the vanishing of the global normalization Aβ in (2.20) for β = √1/2.
By choosing the normalization factor N =O(δ−1), the CG integral gives a finite F 0. In order
to familiarize with our notations, it may be useful to write explicitly the result for l = 0 by setting
Eq. (5.11) into Eqs. (3.2), (3.3) and (3.4), (3.5) and take the limit β → √1/2. One obtains
G
(0)
0,0(x)=G(0)1,0(x)= 2F1
(
1
2
,
1
2
,1, x
)
G
(1)
0,0 =
√
2(β −√1/2) ∞∑ [1/2]2k
(k!)2
(
4ψ(k + 1/2)− 4ψ(1/2)− 2ψ(k + 1)+ 2ψ(1))k=1
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of Section 4 can be carried out analogously with the caveat that new sources of zeros and poles may arise at β2 rational
in the structure constants.
G
(1)
1,0 =
√
2(β −√1/2 ) ∞∑
k=1
[1/2]2k
(k!)2
(
2ψ(k + 1)− 2ψ(1))
X
(0)
0,0 = −X(0)(1,0) = −
π
2
√
2(β − √1/2 ) +
π
2
(
1 − 4γE − 4ψ(1/2)
)+O((β −√1/2 )2)
X1,0 = π
2
√
2(β − √1/2 ) −
π
2
(
1 − 4γE − 4ψ(1/2)
)+O((β −√1/2 )2), (5.13)
where γE is the Euler constant and ψ(z) the digamma function. Using the above results in the
(3.16) one obtains
F 0(x)= |x|1/2|x − 1|1/2[√2 ln |x|2∣∣2F1(1/2,1/2,1, x)∣∣2
+ (2F1(1/2,1/2,1, x)M(x¯)+ c.c.)], (5.14)
with
M(x) =
∞∑
k=1
[1/2]2k
(k!)2
(
ψ(k + 1)−ψ(1)−ψ(k + 1/2)−ψ(1/2)). (5.15)
Note that the factor of the logarithmic term corresponds to a(1)1,0 of Eq. (5.9). The correlation
function (5.14) was also studied in [13] and discussed in [9,48].
Four-point function with l = 1/2 Analogously to the case l = 0, by fixing N = O(δ−1), the
contributions of the channels Φ3,1 and Φ1,1 sum to produce a finite result (Fig. 7). As for the
remaining third channel Φ5,1 =Φ1,−1, we can determine its order in δ, using (4.17) and compare
it with the one of the field Φ3,1 = Φ−1,−1. For external charges as in (5.11) with l = 1, one
obtains
S1,1(α1, α2, α3, α4)= O
(
δ2
)
. (5.16)
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translated grids.
The ratio of the coefficients X1,0 and X0,0 is therefore given by
X1,0
X0,0
= C(α1, α2, α1,1 + δ)C(α1, α2, α1,1 + δ)
C(α1, α2, α−1,1 + δ)C(α1, α2, α−1,1 + δ) ∼ δ
2 λ
2
1,1
S1,1({αi})2 =O
(
δ−2
)
. (5.17)
Therefore we can conclude that in the limit δ → 0, i.e. c → −2, F 1(x) is given by the con-
tributions of the two channels Φ3,1 and Φ1,1, which produce a logarithmic term ∝ 1√2 ln |x|2.
Notice that we could have considered the correlation function involving more general external
charges αi (for instance α1 = α2 = α3) satisfying (4.1) with n = 2, m = 0 and (r = 5, s = 1). In
this case the coefficient S1,1({αi}) vanishes linearly in δ, S1,1({αi}) ∼ δ. This would imply that
the contribution of the channel Φ5,1 would be of the same order of the other two. As the domi-
nant term of the channels Φ3,1 and Φ1,1 cancels, this would imply that, in the limit β → 1/
√
2,
the correlation F 1(x) is given by the channel Φ5,1 alone, without logarithmic terms.
Four-point function with l = 1 We consider finally the case l = 2, see Fig. 8 In order to evaluate
the order of its contribution, we compare the channel Φ7,1 ≡ Φ1,−2 with the channel Φ5,1 ≡
Φ−1,−2 by using (4.17). Assuming the values of the external charges as in (5.11) with l = 2, one
can verify that
S12(α1, α2, α3, α4) = 0. (5.18)
This means that the conformal block associated with Φ5,1 has a singularity O(δ−1) at level 2.
As we have said before, this singularity is canceled by the collision with the field Φ7,1. Taking
into account that S1,1({α}) is of order δ−1 we can conclude that F 2(x) has two logarithmic terms
coming from the pairs Φ1,1, Φ3,1 and Φ5,1, Φ7,1 with prefactors a(1)1,0 =
√
2 and a(1)2,1 = 2
√
2.
The correlation function F l(x) for general l, as well as other correlation functions, such as
for instance the four point correlation function 〈Φ1,l(0)Φ1,l(1)Φ1,l(x)Φ1,l(∞)〉 of L = 4l + 2
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operators [47] can be studied case by case with the same techniques without any additional
technical complication.
5.2. c = 0, β2 = 2/3
CFTs at central charge c = 0 are of particular interest as they play a crucial role in the study
of critical systems with quenched disorder or in the description of dilute self-avoiding walk and
critical percolation theory. For β = √2/3, the vanishing of the dimension Δ2,1 is at the origin of
the so-called c = 0 catastrophe [66,67]. Such terminology refers to the fact that OPE
Φα(x, x¯)Φα(0) = CΔα|z|4Δα
(
1 + x2 2Δα
c
T (0)
)(
1 + x¯2 2Δα
c
T¯ (0)
)
, (5.19)
is singular in the c → 0 limit. The c = 0 catastrophe can be rephrased in the following terms: if
we consider the identity as internal channel with dimension Δp = 0 in (2.14) then the conformal
block F(x|c = 0,Δp = 0, {Δ}), with Δ1 = Δ2 = Δα does not have a singularity at level 1 since
R1,1(α,α) = 0 but is divergent at the level two because R2,1(α,α) = 0 for Δα = 0. As we have
already seen in the general case, the singularities are O(c−2) and O(c−1), and they are canceled
inside correlation functions by the vanishing of the structure constant CΔα which is O(c) and by
the collision with one of the operators Φ−2,1 and Φ2,−1.
It may be useful to compare the expression (5.19) with the expression (4.32). Let us define
χδ2,1 = (L2−1 − β2L−2)V δ1,1, where V δ1,1 is the primary with charge α−1,−1(δ) = α−1,−1 + δ and
δ = −3(β −√2/3). (5.20)
From (5.3) we have α2,1 = α−1,−1(δ) + O(δ2). In the limit β → √2/3, i.e. c → 0, the field
χδ2,1(x) is therefore proportional to the stress-energy tensor,
lim χδ2,1 = −2/3T (5.21)
δ→0
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which becomes a null-vector at level 2 in the Verma module of the identity. Setting T = 0 would
imply to consider a trivial theory that contains in its spectrum only fields invariant under all
conformal transformations, i.e. only the identity field. The coefficient
3
2
η2,1 = 32
〈χδ2,1(∞)Vα(1)Vα(0)〉
〈χδ2,1(∞)χδ2,1(0)〉
∼ 1
2
R2,1(α,α)
(β − √2/3)(2β − β−1)B2,1 ∼
2Δα
c
(5.22)
is consistent with the expansion (4.32) where the regularization parameter is played by δ.
In order to make connection with previous results, let us consider for instance the correlation
function〈
Φn+1,m+1(0)Φn+1,m+1(x)Φn+1,m+1(1)Φ−n−1,−m−1(∞)
〉 (5.23)
of four operators with the same dimension Δ = Δn+1,m+1. The neutrality condition (2.25) is
satisfied with n and m screenings respectively of type β and β−1.
Let us consider in the following some illustrative cases
n = 2, m = 0 Using the analysis of the previous sections, one observes that the most singular
terms are of order δ−2 and correspond to the charges α−2,−1 and α2,−1, associated respectively
with the identity Φ1,1 and to the Φ5,1 fusion channels, see Fig. 9. The dominant contribution
δ−2 is canceled in the sum, providing an O(δ−1) contribution with logarithms to the correlation
function. Choosing a global normalization constant of O(δ), the correlation function (5.23) with
n = 2 and m = 0 shows a logarithmic contribution generated by the colliding channels Φ1,1 and
Φ5,1 and a non-logarithmic contribution from the channel Φ3,1. The prefactor of the logarithmic
terms is
a
(1) = 4√6. (5.24)2,1
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As we previously noticed, see (4.35), (4.36), the value a(1)2,1 can be seen as the mixing parameter
between the scalar field Φ5,1(x, x¯) and the field T (x)T¯ (x¯). Let us comment on the fact that in
the chiral c = 0 CFT [66,67] which describes boundary percolation, one is general interested in
the mixing parameter bperco, see [30] for a recent survey, between the chiral operator T (x) and
φ5,1(x). It is therefore not surprising that such parameter bperco = −5/8, numerically coincides
with
−
(
dβc
dc
∣∣∣∣
c=0
2a(1)2,1
)−1
= −5
8
. (5.25)
The factor − dβc
dc
|c=0 takes into account that, in the definition of the parameter bperco one uses the
limit c → 0 instead of β → √2/3, while the factor 2 comes from the fact that we are considering
a non-chiral theory where the chiral and anti-chiral degrees of freedom are coupled symmetri-
cally.
n = 0, m = 2 Using S2,1({αi}) = 0 and S5,1({αi}) = O(δ2) together with (4.17), one obtains
the contributions shown in Fig. 10. Setting the global normalization constant N of order δ, the
function (5.23) for n = 0, m = 2 is given by Eq. (4.26) with colliding channels Φ1,1 = Φ−2,−1
and Φ1,3 =Φ−2,1 with
a
(2)
2,1 = −3
√
6. (5.26)
The above factor a(2)2,1 is formally related to the parameter bpoly = 5/6 [66,67] which is defined
as the mixing factor between the chiral fields φ1,3(x) and T (x) in the c = 0 theory describing
dilute polymers with a boundary. Analogously to the previous case, we have
−
(
dβc
∣∣∣∣ 2a(2)2,1
)−1
= 5 . (5.27)
dc c=0 6
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collision with the null-field T T¯ . The others two channels can be shown to give a subleading contribution.
Although their numerical values are simply related, we stress again that the two mixing factors
bpoly and a(2)2,1 correspond to different physical situations: in the first case the LCFT is chiral and
the chiral field φ1,3 is the logarithmic partner of the stress-energy tensor while in the second case,
the scalar field Φ3,1(x, x¯) is the logarithmic partner of the operator T T¯ .
n = 2, m = 1 Until now we have seen correlation functions of the c = 0 theory given by the
collision of the channel Φ1,1 with Φ5,1 or with Φ1,3. The case n= 2, m = 1 is particularly inter-
esting because, fixing N = O(δ) both the channels Φ5,1 and Φ1,3 provide a finite contribution
to the integral, as shown in Fig. 11.
In this case, the logarithmic prefactor a turns out to be
a = a(1)2,1 + a(2)2,1 =
√
6. (5.28)
This value is again formally related to the mixing parameter bbulk = −5, recently conjectured
[27,30] for the bulk percolation and dilute polymer theory indeed
−
(
dβc
dc
∣∣∣∣
c=0
a
)−1
= −5. (5.29)
We emphasize that our result is obtained in a very different setting respect to the one in [27]. We
recall that CG integrals are necessarily associated with a diagonal CFT whereas in [27], the bbulk
emerged as the mixing parameter between the non-diagonal field φ−2,1(x)φ2,1(x¯) and the stress
energy tensor T (x). Moreover, since the structure constant CΔα in the OPE (5.19) is O(c) the
introduction of a logarithmic partner for T (x), usually called t (x), does not appear necessary in
our treatment; the numerical coincidence (5.29) is however quite interesting.
Summarizing, we have shown three different possible situations occurring for the c = 0 log-
arithmic CG integral, which correspond respectively to the mixing of T T¯ with the scalar fields
Φ5,1, Φ1,3 or with both. In this latter case, the operator T T¯ has two logarithmic partners which
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of [30]. We point out that the existence of three different scenarios is not in contradiction with
the unicity of the b parameter. Indeed, in order to construct a consistent theory, one has to fix
the normalization of the two point functions for all the operators entering in the spectrum. For
instance, one could imagine that a consistent choice of these normalization factors would force
all the correlation functions of the first two kinds to vanish, as it has also been argued in [27].
5.3. Mp,p′ minimal models
It is well known that the minimal models Mp,p′ do not show logarithmic behavior. Indeed
the conformal blocks are not singular as the Kac operators Φr,s satisfy two differential equations,
one of order rs and the other of order (p − r)(p′ − s). The divergences associated with the
corresponding two null-vector states are therefore compensated by the vanishing of the associated
matrix elements (2.16).
Maybe less known is the fact that the property of Mp,p′ to be a rational theory, does not
imply the vanishing of the CG structure constants C(αr1,s1, αr2,s2, αr3,s3) [40–42] when they
contain operators inside and outside the Kac table. This is well explained in [54], where the
M5,4 minimal model is taken as an example. We review the argument given in [54] following
our scheme. Let us consider for instance the correlation function〈
Φ3,1(0)Φ3,1(x)Φ3,1(1)Φ−3,−1(∞)
〉
, (5.30)
for β = √3/4 (c = 1/2), i.e. the four-point energy correlation function in the Ising model. The
computation of (5.30) in the CG approach has been also proposed by [1] as an exercise. This
example shows that, even if the structure constant C(α31, α31, α51) = 0 does not vanish, the field
Φ5,1, which is out side the Kac table, do not enter in the computation of the four point correlation
function.
From R12(α31, α31) = 0 one sees that the conformal block with Φ3,1 = Φ1,2 has a singu-
larity at level two. On the other hand, using Eq. (4.17), one obtains C(α31, α31, α31) = O(δ)
and C(α31, α31, α51) = O(δ0) where δ ∝ (β − √3/4). The internal translated channels of the
correlator (5.30) as well as their contributions in δ ∝ (β − √3/4) are shown in Fig. 12.
The dominant term of the colliding channel Φ3,1 and Φ5,1 cancels. The only contribution to
the correlation function (5.30) is therefore given by the identity field Φ1,1 = Φ−3,−2. One can
therefore verify that only operators inside the Kac table contribute to the correlation functions.
6. Conclusions
We considered local monodromy-invariant four-point correlation functions which are built
from Virasoro algebra conformal blocks and which posses a CG integral representation (2.26).
In particular we focused our attention on the singularities of the integrals (2.27) which gener-
ate, with an appropriate limit procedure, logarithmic terms. We have shown that the analysis of
these singularities can be efficiently carried out by considering the analytic behavior of the time-
like Liouville structure constants (2.20) and of Virasoro conformal blocks (2.14). In particular,
we found the key equations (4.17), (4.19), (4.20) which relate the structure constants (2.20) to
combinatorial factor coming from the Virasoro algebra representation theory. We remark that in
the cases under consideration, the structure constants (2.20) correspond to the Dotsenko–Fateev
structure constants [40–42]. Nevertheless, the use of the properties of the function Υβ(x), the
R. Santachiara, J. Viti / Nuclear Physics B 882 (2014) 229–262 257Fig. 12. The grid of internal channel for the four-point correlation function of the energy operator Φ3,1 in the Ising
model.
building block for the formula (2.20), greatly simplifies the analysis, especially when multi-
screening integrals are involved.
The relations (4.17), (4.19) and (4.20) assure us that the dominant contributions coming from
singular conformal block cancel and that the remaining finite terms contain logarithmic singular-
ities. In particular they express in a compact form the fact that, for a general central charge, the
logarithms are generated by the collision of a null state field ΛP,Q(x, x¯) = χP,Q(x)⊗ χP,Q(x¯)
with one of the non-degenerate primaries Φ−P,Q(x, x¯) or ΦP,−Q(x, x¯).
Using our approach, we considered in detail the CG correlation functions when β2 /∈Q, see
(2.10). When the external charges take general values, we provided a direct graphical method to
predict the contributions of the expansion (2.27). We adapted our approach to the case of β2 =√
p′/p, with p′ and p positive and coprime. We applied our method to the study of correlation
functions of leg operators in dense polymers and spanning trees (c = −2) and to correlation
functions of c = 0 theories.
We showed in particular that the situation in which the CG integral gets contributions from
both the colliding fields Φ−P,Q(x, x¯) and ΦP,−Q(x, x¯) can occur. In the c = 0 theory, this sug-
gests the possibility that the operator T (x)T¯ (x¯) has two logarithmic partner which get identified
in the limit c → 0. In this particular case the prefactor of the logarithmic term is simply related
to the value bbulk = −5, determined in [30,27] for bulk c = 0 LCFTs.
The motivation behind this work is the construction of consistent CFTs to study geometric
properties of critical phases. Although the correlation functions, for which the CG integral fur-
nishes an integral representation necessarily come from a diagonal CFT, theoretical arguments
and numerical investigations on Potts models [36] recently suggested that the diagonal theories
based on the time-like Liouville structure constants are physically relevant to construct new CFTs
capable of describing random conformal fractals. The results presented here show also that the
analytic properties of time-like Liouville structure constants encode logarithmic features of Vi-
rasoro CFTs, and turn out to be very useful to determine the singularities of CG integrals as well
as to compute local logarithmic correlation functions. This was shown by evaluating the loga-
258 R. Santachiara, J. Viti / Nuclear Physics B 882 (2014) 229–262rithmic behavior of physically relevant correlation functions which satisfy differential equations
of order higher than two, i.e. which are given by multi-screening CG integrals.
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Appendix A. Explicit expressions in the one-screening case
From the identities
d
dx
[x]s = [x]s
s−1∑
j=0
1
x + j , Γ (x + n)= [x]nΓ (x), sinπx =
1
Γ (1 − x)Γ (x)
(A.1)
with [x]n = Γ (x + n)/Γ (x) being the Pochhammer symbol, the functions G(a)i,j and X(a)i,j can be
easily determined
G
(−1)
0,0 (x)=
(−1)s−1[−2βα2]s[−s − 2βα3]sxs
2βΓ (s)Γ (1 + s) G
(0)
1,0(x), (A.2)
G
(0)
1,0(x) = (1 − x)2α2α32 F1(−2βα3, s − 2βα2;1 + s;x), (A.3)
G
(0)
0,0(x) = (1 − x)2α2α3
[
s−1∑
l=0
[−2βα2]l[−s − 2βα3]l
l![1 − s]l x
l
+ [−2βα2]s[s − 2βα3]sx
s
s![1 − s]s−1 H(x)
]
, (A.4)
G
(1)
1,0(x) = −(1 − x)2α2α3
[ ∞∑
l=1
[−2βα3]l[1 + s − 2βα2]l
l![2 + s]l x
l
l−1∑
j=0
1
j + 2 + s
]
, (A.5)
H(x) =
[
1
1 + 2βα3 −
s−2∑
l=0
(
1
l + 1 − s −
1
l − s − 2βα3
)]
2
F1(−2βα3, s − 2βα2;1 + s;x)
+
∞∑
l=1
[−2βα3]l[1 + 2βα2]l
l![1 + s]l x
l
l−1∑
k=0
(
1
k + 1 −
1
k − 2βα3
)
, (A.6)
X
(−1)
1,0 = −
1
2β
[
π[−2βα2]s
Γ (1 + s)
]2
, (A.7)
X
(1)
0,0 = 2β
[
πΓ (s)
[−s − 2βα3]s
]2
. (A.8)
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This appendix contains some properties of the function Υβ(x), for more details we remand
to the comprehensive review [68]. The function Υβ(x) is related to the Barnes double Gamma
function Γ2(x|ω1,ω2) defined for Re(ω1) > 0 and Re(ω2) > 0 by
logΓ2(x|ω1,ω2) ≡ d
ds
∣∣∣∣
s=0
∞∑
n,m=0
1
(x + nω1 +mω2)s , Re(s) 2. (B.1)
The function Γ2(x|ω1,ω2) satisfies the shift relations
Γ2(x +ω1|ω1,ω2) =
√
2πω1/2−x/ω22
Γ (x/ω2)
Γ2(x|ω1,ω2), (B.2)
Γ2(x +ω2|ω1,ω2) =
√
2πω1/2−x/ω11
Γ (x/ω1)
Γ2(x|ω1,ω2), (B.3)
which show that it has simple poles on the lattice points x = −nω1 − mω2, for n and m non-
negative. The proof of (B.2)–(B.3) is sketched below. Observe that
1
xs
= − 1
2πi
Γ (1 − s)
∫
C
dt (−t)s−1e−xt , (B.4)
where the contour C starts end at ∞ and encircles the origin counterclokwise. The branch cut
in (B.4) is chosen on the positive real axis and arguments in the complex t plane are bounded in
[−π,π]. Using (B.4) and performing explicitly the contour integral,5 the relation
d
ds
∣∣∣∣
s=0
∞∑
n=0
1
(x + nω)s =
1
ω
∞∫
0
dt
t
[
−1
t
− e
−t (ω − 2x)
2
+ ωe
−xt
1 − e−ωt
]
(B.5)
can be proved. Then recalling Binet formula for the logarithm of the Gamma function
logΓ (x)=
(
x − 1
2
)
logx + 1
2
log 2π − x +
∞∫
0
dt
t
e−tx
(
1
2
− 1
t
+ 1
et − 1
)
, (B.6)
we obtain
d
ds
∣∣∣∣
s=0
∞∑
n=0
1
(x + nω)s =
1
2
log 2π +
(
1
2
− x
ω
)
logω − logΓ
(
x
ω
)
(B.7)
and the shift relations are now easily verified. Analogously to (B.5) one derives the integral
representation for the Barnes double Gamma function, valid for Re(x) > 0
logΓ2(x|ω1,ω2) = 1
ω1ω2
∞∫
0
dt
t
[
− 1
t2
− Q− 2x
2t
− e
−t [(2x −Q)2 + 2x(x −Q)+ω1ω2]
12
+ ω1ω2e
−xt
(1 − e−ω1t )(1 − e−ω2t )
]
, (B.8)
5 One must regularize the divergent integrals when the contour has been split.
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Υ (x|ω1,ω2) = Γ
2
2 (Q/2|ω1,ω2)
Γ2(x|ω1,ω2)Γ2(Q− x|ω1,ω2) . (B.9)
It is then straightforward to check that for ω1 = ω−12 = β , Υ (x|β,β−1) ≡ Υβ(x) has the integral
representation (2.21) and that satisfies the shift relations (2.22). Notice that the function Υβ(x)
has zeros at x = −nβ −mβ−1 or x = (n+ 1)β + (m+ 1)β−1 with n,m non-negative.
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